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EXPERIMENTAL STUDIES ON THE THEORY OF W. RITZ ON TRANSVERSE 

VIBRATIONS OF SQUARE PLATES 

A.  Lemke 

P 
correlated to theoretical requirements. 
racy of most of the measurements is not very great. 
Extensive tables have been compiled and are ac- 
claimed to be of general significance over and 
above the immediate concern of the paper. 

The accu- 

I. Introduction cx 

i. 

The problem of transverse vibrations of plane elastic 
plates with free edges, which - ever since the experiments of 
Chladni were conducted - has been treated by mathematicians 
and physicists, requires the integration of the differential 
equation : 

under certain boundary conditions. In 
sents Young's modulus of elasticity,& 

this equation E repre- 
Poisson's elasticity 

/717* 

number, 
ness of the plates, w the displacement in the direction per- 
pendicular to the plane of the'plate which progresses with 
the velocity aw/Jt. The equation is valid for square plates 
in the case of which the length of the edge was introduced as 
unity . 

the density of the plate material, 2 D is the thick- 

ding to W. Ritz [ re$ 
ansi n a  

n a solution of the differential equa- 
tion with theoretically any degree of approximations. Thus 
the deflection w may be represented by a convergent serial 
development of arbitrary functions of an orthogonal system. 
The convergence of the progression and thus the practical 
value of this method depend in essence upon the appropriate 
choice of functions whereby the choice of functions is fa- 
cilitated by the result of the experiment. Ritz applies as 

*Numbers in the margin indicate pagination in the foreign text. 
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d 

s u i t a b l e  func t ion  - i n  analogy of t h e  p l a t e  t o  t h e  e las t ic  
rod - t h e  c h a r a c t e r i s t i c  func t ion  of  o s c i l l a t i n g  rods.  

/718 I n  o rde r  t o  experimental ly  prove h i s  method, W. R i t z  - 
r e s o r t e d  t o  t h e  relative p i t c h e s  of tone as they had been ob- 

9 

i n t e r r e l a t i o n s h i p  of  t h e  o s c i l l a t i o n  f requencies ,  Chladni over- 
looked t h e  dependence of t h e  r e l a t i v e  p i t c h e s  of tone from t h e  
material of t h e  p l a t e s  and thus  d i d  not  make any s ta tement  
thereon. It  remains  a l s o  unce r t a in  whether t he  s p e c i a l i z e d  in-  
t e r v a l s  r e f e r  t o  b e a t s  a t  cons tan t  temperature. R i t z  made 
t h e  assumption t h a t  Chladni used glass p l a t e s  - a f a c t  t o  
which he,  by t h e  way, r e f e r s  as being more f e a s i b l e  than m e t a l  
p l a t e s  - t h a t  i s , h e  chose a mean value of  d i f f e r e n t p - v a l u e s  
found f o r  t h e  ind iv idua l  types of g l a s s  f o r  which he c a r r i e d  
through t h e  c a l c u l a t i o n  with 3-6 terms i n  a progress ive  de- 
velopment and found f o r  t h i s  a r b i t r a r i l y  chosenfi- value h i s  
theory confirmed. I n  doing so he does, however, no t  spec i fy  
frequencies  of osc i l la t  
terminology of  music. 
somewhat higher;  

8 

The more exac t  i n v e s t i g a t i o n  r equ i r e s  i n  add i t ion  t o  t h e  
determinat ion of t h e  absolu te  p i t c h e s  of tone knowledge of 
t h e  c o e f f i c i e n t  of e l a s t i c i t y  E and t h e  value /cc f o r  t h e  p l a t e s  
used. R i t z  has a l r eady  pointed o u t  t h e  p o s s i b i l i t y  of de te r -  
mining t h e  c o e f f i c i e n t s  of e l a s t i c i t y  by exac t  observat ion of  
t h e  frequenci  o s c i l l a t i o n  of s eve ra l  s u i t a b l y  chosen . 
tones of t h e  s c 1  The frequency of o s c i l l a t i o n  n is  
by 

n - L . 1 /  E 
l * n  3g.(1 -ps) * 

where, except  f o r  A ,  a l l  terms are cons t an t s  of t h e  p l a t e  while  
X(p)  i s  a c h a r a c t e r i s t i c  func t ion  o f p  fo r  t h e  corresponding 
tone  which can be c a l c u l a t e d  numerically according t o  t h e  R i t z  
approach wi th  any d e s i r a b l e  degree of approximation. 

The ra t io  of t w o  given frequencies  of o s c i l l a t i o n  of  a 
p l a t e  i s  only dependent uponX: 

/719 and it i s  thus  p o s s i b l e  t o  c a l c u l a t e  t h e  Poisson e l a s t i c i t y  - 

* I  a 
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numberp .  Equation 2 allows t h e  c a l c u l a t i o n  of  t h e  modulus of 
e l a s t i c i t y  E for  abso lu te  determinat ions of t h e  frequency of 
osc i l la t ion  and wi th  t h e  he lp  of t h e  known r e l a t i o n s h i p  

it w i l l  f i n a l l y  a lso be  poss ib l e  t o  determine t h e  modulus of 
t o r s i o n a l  shea r  F. 

The c o e f f i c i e n t s  of e l a s t i c i t y  o 
been determined by Pro 

as c a l c u l a t e d  by 
obtained with 1 0  

I n  t h e  p re sen t  paper w e  aimed a t :  

1. a test  of the  R i t z  procedure by measuring t h e  p i t c h e s  
of tone  and t h e  shape of  f i g u r e s  f o r  as many c h a r a c t e r i s t i c  
tones of a p l a t e  as poss ib l e  and t h e  comparison with t h e  re- 
s u l t s  of t h e  theory ,  

of given p l a t e s  from t h e  observed p i t c h e s  of tone.  
2. an at tempt  t o  determine t h e  c o e f f i c i e n t s  of e l a s t i c i ty  

2 .  Numerical Applicat ion of the R i t z  Ca lcu la t ion  Approach 

L e t  us assume Um and un are t h e  c h a r a c t e r i s t i c  func t ions  
of v i b r a t i n g  rods E8aI: 

t h e  length  of t h e  rod equals  1. The t e r m s  k, a re 
-- __ 

oots of the-  equat ions 

which have t h e  following 

1 
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The functions of the expansion in a power series are set 
equal to the products of two each characteristic functions of 
oscillating rods in which for the purpose of better distinction 
these functions are designated for the argument x with u, for 
the argument y with v: 

The expansion in a power series thus assumes for each in- 
dividual tone the following form: 

in which the coefficients g(jo etc. can be determined with the 
help of the Ritz approach by a minimum condition. It requires 
the solution of the equations: 

i 

The a-terms of these equations signify the following: 

/720 

*Translator's note: Commas represent decimal points in 
reproduced i 
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where w and are given by t h e  following formula: 

By c o n t r a s t ,  f o r  m = n t h e  following is  va l id :  

a. f o r  even m: 
* -  

2 k,,, C O B ~  k,,, GO~' km 9 %g k, 
_I_ + &of2km + cos'k, 

+ 

b. f o r  odd n: 

(16) 

(17) 
. -  

The numerically calculat  d r -va lues  up t o  index 1 0  
are compiled i n  T a b l e s  1 and 2 a - tens  are 1 
pendent upon t h e  Poisson r a t i  
6-terms c a l c u l a t e d  f r o m  = 0 b l e s  5 and 6 conta in  

i v a t i o n s  accordinYFo--p so t h a t  t h e &  -terms may be cal 
e,achp,-value f r o m  equat ions ( 1 0 )  and (11) w h i c  

The c a l c u l a t i o n  of  t h e  system of equat ions i s  f a c i l i t a t e d  
by t h e  f a c t  t h a t  due t o  symmetry p r o p e r t i e s  of t h e  sound pat-  
t e r n s  t h e  number of terms i s  reduced. One d i s t i n g u i s h e s  
acous t i c  s i n g l e t s  and acous t i c  doublets .  I f  a tone i s  associ- 
a t e d  by t w o  a c o u s t i c  p a t t e r n s  which do no t  co inc ide ,  t h i s  tone 
i s  r e f e r r e d  t o  as an acoustic doublet .  For an  a c o u s t i c  

5 



singlet, that is for one to which only a single acoustic pat- 
tern belongs, w(-x,+y) by its absolute value is identical 
with w(+x,+y); if this were not the case, one would be able 
to construct by exchange of -x with +x another figure which 
cannot be brought to coincide with the first one, a fact 
which is in contradiction to the assumption. To acoustic 
singlets, therefore, only the following two conditions are 
applicable, either w(-x,+y) = -w(+x,y) or w 
the solution thus is either an even or an 
Since x and y may be exchanged arbitraril 
w(x,y) and w(y,x) can also differ by the sign; thus the func- 
tion corresponding to acoustic singlets can only be either 
symmetrical or antisymmetrical. 

+ 20,740 
0 - 29,444 
0 

+174,133 
0 - 39,142 

Table 1 

0 
+26,131 

0 - 34,311 
0 

+218,32 
0 

Ymn 

?ma I ym6 

+ - 3,4641 ,$966 ~ 

+ 71,1705 
0 $100,556 

+ 26,131 

0 - 19,5263 

- 24,526 
0 - 29,444 

0 $31,377 

b Table 2 

Ym7 

0 
- 3,4641 

0 + 15,1565 
0 

- 24,526 
0 + 134,88 
0 

- 34,311 
0 

/723 - 

-- 
Ym IO 

a 
0 

C 9,2628 
0 

-~ -- 

- 21,284 
0 

+31,377 
0 - 39,142 
0 + 267,48 

Solution of the system of equations ing to the 
approach described in detail by W. RitzCl 
tion results in approximate values X for equency parameter 

X and approximate values for the coefficients A of the pro- 
gressive development. Since the coefficients of elasticity 
of the plate had to be determined, the parameters X to which 
the frequency of oscillation is linked by (2) had to be calcu- 
lated as functions of pwith an accuracy as great as possible. 
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This  r e q u i r e s  for  each X-value t h e  s o l u t i o n  of a system of 
equat ions ( 9 )  of  s equat ions with s unknowns. The p resen t  
s tudy i n i t i a l l y  used t h e  value p =  0.225 as chosen by R i t z .  
The c a l c u l a t i o n  revea led  several d i f f e r e n c e s  as opposed t o  t h e  
values  c a l c u l a t e d  by R i t z  - ev iden t ly  due t o  e r r o r s  
l a t i o n  encountered the re .  I n  t h e  following compilat  
t h e  r e s u l t s  of t h e  c a l c u l a t i o n  t h e  values  c a l c u l a t e d  
are t h e r e f o r e  given for  
immediately ev iden t  wi th  
t a ined  i n  t h e  case of a 

by a d d i t i o n a l  terms. Rather, each preceeding term of t h e  pro- 
g re s s ion  changes wi th  t h e  add i t ion  of e x t r a  terms. Therefore,  
t h e  progress ive  development w a s  c a r r i e d  o u t  f o r  6 l o w  tones 
with 6 terms, then  with 15 terms f o r  d i f f e r e n t p - v a l u e s  i n i -  
t i a l l y  for  p = 0.225. S ince ,  however, no t  glass p l a t e s  b u t  
only m e t a l  p l a t e s  w e r e  a v a i l a b l e  f o r  whichp, i s  much g r e a t e r ,  
o t h e r p - v a l u e s  had t o  be chosen f o r  t h e  c a l c u l a t i o n  as i s  
ev ident  from t h e  following compilation of  t h e  r e s u l t s  of t h e  
c a l c u l a t i o n l .  

c progression developed with s terms cannot simply be extended 

11 am g r e a t l y  indebted t o  t h e  Direc tor  of  t h e  Observatory of 
Kanigsberg, Prof .  Przybyllok, f o r  h i s  permission t o  use t h e  
Brunswiga c a l c u l a t o r .  
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Table 3 /724 

c 

61 

%% 

3 
7,111 

66 
niir 
17 
ma 
71 

37 

73 

67 
7 i v a  

nil& 

77 
ni,t 

19 

31 
niia 
39 

93 
rn? 
69 

96 
mi, 
79 

97 
7iin 

99 
mn 

n111 

?tall 
a 

fa 

OT 

a 

21111, 
U 

"ma 

n 
r.. 
1 0  n 

714% 
n 

I1171 

U 

i i i lb  

-15,36 

+15,36 

-13,302 

-13,302 

+16,36 

+?3,36 

-15,36 

-15,36 

+15,36 

-+13,302 

+13,302 

-116,36 

-15,36 

+15,36 

+15,36 

a -values 

+68,66 

+33,624 

-73,838 

+55,207 

-t 131,92 

-69,25E 

-+ 11,479 

+71,457 

+7!?,013 

-73,668 

-59,269 

-171,68 

f 69,476 

-33,581 

-70,588 

-84,100 

+71,7O 

t 
- 72,s i 3 

--92,16 

-55,2S 

+33,624 

+65,66 

-73,536 

+ 131,92 

+55,201 

+ 1 1,479 

--ii9,25S 

+ 79,Ol 3 

+71,457 

-73,65S 

-171,6S 

-59,269 

-56,581 

+69,476 

-84,190 

--50,5SS 

-43533 

-43S,83 

+276,50 

-- 16t,04 

- 161,04 

+4i9,53 

+419,53 

-294,33 

-204,33 

+304,43 

+207,i7 

f207,17 

-379,4(3 

-370,4G 

+303,91 

+303,91 

-309,75 

-9,07 

-94,lS 

-256,82 

-+122,44 

+100,34 

+339,1S 

--123,70 

-277,GO 

-345,18 

- 140,4S 

-166 4s 

+ 174,46 

+27en,a 

-16S,86 

- 158,5 

-9,07 

-286,82 

--94.18 

+223,2:: 

+i22,44 

+177,13 

-137,ll 

+151,5 

+339,i8 

+ 100,34 

-2'77,GO 

--123,70 

-345,lS 

i-133,OS 

-166,4S 

-140,45 

4- 148,87 

8 



Table 3 (Continued) /725 

t 

u pq 

51 

8.5 
inn 
63 

66 

17 

91 

37 
mn 
73 

N 
m i r  

nrn 18 

a,l*ll 

¶%I& 
8 3  

a 

1,116 

-158,85 

--i68,86 

- t55 i0,G 

+335,26 

-10T6,8 

+ 166,35 

+261,59 

-771,77 

-407,89 

+478,44 

+978,40 

-513,57 

-215,5 

-355,82 

f788,94 

+474,28 

+5570,6 

--1076,8 

+261,59 

+l6§,36 

--407,89 

-771,77 

+976,40 

+478,44 

--5:3,77 

-355.82 

-215,s 

+474,28 

-?-78S,94 

--&15,26 

-505,22 

-1076,& 

--1056,& 

j-1280; 

-233,21 

-232,21 

+535,25 

+535,26 

-1924,5 

-1924,5 

+813,98 

+322,29 

+322,29 

-6IS,82 

--GlS,S:! 

+104G,2 

-232,21 

-b Ii38.5, 

+381 .S2 

-251,49 

-362,23 

-113,62 

+206,13 

+482,04 

--131,75 

--BOG,SI 

+ 175,9 9 

+462,8G 

-201,Xj 

-3G0,01, 

4-227,l.L 

--8fi0,4G 

,73 

- 94,180 

+168,35 

-232,21 

+ 381,SZ 

+11355,: 

-3(i2,23 

-25449 

-/-206,73 

--113,63 

+ JS2,O.i 

-50G,81 

- 131,75 

+4ti2,8G 

+ 1 75,DD 

-3GG,G4 

--201,5G 

--x50.4(i 

+22i,IS 

-a 

-771,77 

-401,89 
, 

+535,26 

-254,49 

--302,26 

+1658G 

+631,6O 

--l97l,O 

-627,43 

-4-1728,i 

+2Zll,C,O 

-1OSC1,B 

-630,G3 ' 
-/-G73,98 

+507,03 

-i20.80 

--i360.G 

+'X9,08 

9 



Table 3 (Continued) 

h 

i 
I 

i 

i 
I 

‘ I  

il 
mn 
13 

mn a 
16 
wan 
61 
mn 
36 
mir 
63 
mtr 
66 

i? 
mn 
71 
m n  
37 

a 

rz 

mn a 

a 

a 

DUB 
ri 

“ 3  , ., 
U 

9 3 0 L  

67 

76 
nub 

i n i s  

n.. 
l i  

W*lG 
: 

19 

mrt 

+15,36 

+233,23 

+i22,44 

-407,SS 

-771 ,77 

+536,25 

-362,26 

-251,49 

-$-53l,G6 

-$16581i 

-627,43 

- 1971 ,O 

+1728,1 

+BO4,59 

+221,YQ 

-65Q,G3 

a-values  5 

--15,36 

-294,35 

-1Z7,Il 

+177,1C 

+478,44 

+975,43 

-1924,: 

--t13,62 

+29e,1c 

-1971,C 

--627,4t 

4-28535 

+870,8?, 

-3555,2 

-20S,6F 

--429,15 

+730,78 

+7SD,GO 

-2729,9 

--1226,5 

-294,33 

+l’i7,13 

-137,ll 

+973,41 

+478,44 

- 1924,5 

+ZCJB,13 

- 113,K2 

-627.43 

- 1971 ,O 

+870,83 

+28556 

-335!5,2 

--120,16 

-296,66 

j-799,GO 

+730,78 

-083,43 

-2729,9 

+3515,5 

fl i41,3 

-1226,B 

+151,8 

-513,7i 

-513,7: 

+513,9E 

+482,04 

+462,04 

+ 1738,; 

jl728,f 

-3565 

-3558 

t51386 

+371,48 

+371,48 

-843,X 

- 843,jP 

+-ll98,0! 

+ 11 98,0! 

-5055,B 

-5055,O 

f 1596,G 

$-339,f s 
-216,52 

--3r?S,S? 

+ 322,29 

--131,72 

--5Oti,81 

+221,90 

+504,50 

- 29 6,G6 

-429,i6 

-t 371,48 

f32GlY 

+674,44 

-365,54 

-653,36 

+1QO,34 

-355,62 

-215,58 

+-322,20 

-506,fil 

--131,73 

+504,59 

+221,90 

-429J5 

-296,66 

+371,48 

4474,421 

t32618 ’ 

-053,36 

-- 3 6.5 3 4  

0 



Table 3 (Continued) /727 - 

-123,69 

-277,6 

+78S,94 

+474,28 

-61S,S2 

+i75,99 

+462,56 

-1GS9,S 

-650,63 

+730,78 

+759,6O 

-843,54 

-365,54 

-653,36 

j-40995 

+824,0S 

-3i20,8 

--880,34 

+“G77,% 

+-939,59 

-2M.11,9 

Kc-values 

-379,46 

-217,6 

-123,69 

+474,26 

+SSS,DJ: 

-61S,S2 

;4ca,S6 

+:75,99 

- (350,63 

--ios9,s 
+759,60 

f730,78 

-843,54 

-653,36 

-365,54 

+824,05 

+40995 

--589,34 

-3120,s 

j-939,59 

+2677,2 

90 

-70,588 

+132,08 

-345,lS 

-505,22 

-816,28 

f1926,2 

-20i,.56 

- 3 6 0 , ~  

4-67338 

T707,95 

- 2 7 3 9,D 

-9s3,43 

+1198,i 

--280,04 

+536,01 

--3120,8 

-859,34 

+59259 

-t- 1143,s 

-5662,s 

--1340,2 

f 

-si5,2s 

-- 505.,22 

+- 1026,2 

-360,04 

--301,36 

f707,95 

+G73,9S 

--963,43 

-2729,9 

+1198,1 

+536,01 

-2so,o-1- 

-889,34 

-3120,d- 

+1143,5 

+59259 

--1340,2 

-6662,8 

fS5 

+532,20 

+537,45 

-869,73 

+227,14 

--YgiO,-iti 

-723,so 

-1360,G 

+1141,2 

+3515,5 

- .5055,9 

j- 926,i 7 

-446,3 

+2677,3 

+030,5o 

-5(j(j2,g 

-1310,2 

-S066,8 

--569,73 

-550,46 

f227,24 

-1369,6 

-729,s9 

+3515,5 

+i141,2 

-5055,g 

-446,30 

+920,17 

+939,59 

+2677,3 
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Table 4 

a -values (even) 

-31,2SJ 

-7,775 

-5,1465 

0 

-15,395 

-0,7532 

-12,i74 

- 1,7820 

0 

k28,907 

-0,2387 

/-19,131 

/-0,5648 

+2,8003 

-0,8876 

0 

-39,41& 

/-0,102D 

-26,OSt 

-0,2431 

-3,818t 

+0,3S2f 

+ 1,210: 

-0,522( 

0 

+49,93 

- 
+7,775 

t 3 I ,265  

+5,i455 

-15,395 

0 

-12,174 

$0,7532 

-1,782 

+28,907 

0 

+ I9,13 1 

-0,2387 

+2,S003 

+0,5648 

-4,8878 

-39,410 

0 

-26,081 

+0,1029 

-3,8186 

-0,243i 

+i,2lGi 

+0,3S2t 

-0,8221 

+49,93, 

0 

_I__ 
-__I_ 

+S,I 456 

+5,1455 

+265,24 

+21,935 

+21,995 

-124,98 

-124,9S 

$lO4,3S 

-42,505 

-&,GO3 

-1-1 16,G2 

+116,62 

--1OS,40 

-1OS,40 

+109,s2 

$63,393 

+63,303 

--104,17 

-l04,17 

+110,96 

+110,96 

-110,67 

--110,G7 

+IXO,S 

-84,SGG 

0 

-18,395 

+21,995 

+013,60 

+43,623 

+41,367 

-52,039 

-97,872 

0 

-68,394 

14,1242 

+81,777 

(\ c- - J ,  I:>78 

+153,SO 

+15,334 

0 

+93,2c5 

-2,0030 

-111,51 

+4,053c 

--209,7t 

-7,763f 

--%0,9!i 

+lO,G14 

0 

+21,995 

+43,523 

+913,60 

-52,039 

+-4li,367 

-97,872 

-68,394 

0 

+Si,7'17 

+&I242 

+i53,80 

-9,7.578 

+15,334 

+93,2Gb 

0 

-111,451 

- 2,0035 

-209,73 

+4,0533 

-20,010 

-7,7338 

-+ i0,614 

--11s,14 

0 

-13,174 

-124,9S 

+41,3Gi 

-52,038 

+1730,3 

+162,42 

-407,83 

-f-25,148 

+100,57 

-289,SO 

-223,87 

+235,15 

+319,S3 

-252,oe 

-44,141 

-149,9S 

+297,71 

+2s3,si 

-244,90 ' 

-214% 

+255,7:3 

-1 261,7 3 

-2G4,17 

+64,266 

-/-199,6:, 

/728 

. 



+@,7532 

--124,9s 

-53,039 

+41,367 

+162,42 

j +1739,3 

--4@7,83 

+1c10,57 

+25,148 

j --223,87 ' 1 -269,8~ 1 +319,8C 

-2.52,0( 

1 --149,9I 

i+235,lC 

1 
14-28.7,s' 

I 
j-44,141 

1 +207,71 

-214,2! 

--244:9! 

+264,73 

-;-255,71 

, I  -262,7' 
I 
I j +199,6 

-1-(i4.,26 

Table 4 (Continued) 

&-values (even) 
_I__ 

-1,732 

-i,782 

+1M4,38 

-97,S72 

-97,872 

-407,83 

-4O7,83 

+5OGO,9 

-59,50 

--68,30 

+a92;c;9 

+ 292 ,B 9 

-1011,9 

- 101 1,9 

4-5 I4,7 1 

+104,4J 

$-104,4.1 

-359,85 

-3.59,86 

+994,21 

+994,21 

-54s,5c 

- 54 S,X 

+574,36 

- 16" Of 

---182,@2 

- 3  

+28,908 

0 

-42,505 

-68,394 

0 

+100,57 

+25,148 

-59,50 

i i O i , 4 8  

+5070,0 

--168,0.3 

+110,42 

+!>3,502 

-261,26 

+410,54 

-14(i,BO 

0 

+215,30 

-+8,554 

-127.50 

-20,239 

--539,b? 

+31 ,SO4 

-43,369 

+IS5,64 

0 

-0,23dS 

4-1 3,131 

+116,62 

+4,1242 

+31,777 

-2S9,6@ 

-223,s7 

4-29230 

11 0,42 

-158,05 

4-7340,5 

+339,59 

-815,3 

--3tic;,35 

+5i0,9G 

+29,577 

+233,70 

-440,97 

--.16J,i3 

+360,39 

+435.87 

-3B2,GO 

-280,(i7 

+418,12 

--47,3iC 

-313,titi 

+13,131 

-0.2387 

+11G,62 

441,777 

+4,1242 

-223,57 

-2S9,60 

+292,59 

- 1.58,03 
$. 110,42 

.-;-338,'50 

7-i340,5 

-360,35 

--S13,3 

+5iO,t)G 

+235, i0 

:-29,577 

-4J4.73 

--.6;0,97 

f 135 ~ 87 

j3ti0,:30 

-286,GS 

- 3 92 ,GO 

+418,12 

--313,(iS 

-47,370 

/729 - 

13 



+235,15 

-lOli,9 

4- 93,502 

-261,25 

-366,36 

-815,30 

+571,57 

--2097,6 

-164,12 

-69,979 

+484,84 

+417,53 

-6G2,25 

--1557,8 

+2012,9 

+779,28 

-838,19 

+238,(30 

+112,08 

T a b l e  4 (Continued) 

a -values (even) 

____- __I_. 

-0,8875 

-0,23875 

+109,82 

+15,334 

+15,334 

-252,06 

-252,06 

+514,7l 

+41o,w 

t410,54 

+670,96 

+570,96 

-2087,6 

-201)7,6 

+27221 

+ 1O9,97 

+109,97 

-506,89 

-505,89 

+836,13 

+836,13 

-3248,3 

-3298,3 

-933,393 

0 

$93,265 

-44,141 

$104,44 

0 

-146,56 

+29,577 

+235,70 

-69,979 

--164,12 

+109,97 

+-I9263 

+199,S6 

+212,49 

--321,40 

-502,Zi 

+223,so 

+ 790,04 

-140,96 

-1@77,3 

0 

--353,13 

0 

+63,393 

+93,265 

0 

-149,98 

-44,141 

+104,44 

-lI46,5G 

0 

j239,TO 

-+2L3,577 

--164,12 

-69,979 

+109,97 

+199,SG 

+15263 

-321,40 

+212,49 

+223,80 

-502,x 

-149,06 

+790,04 

- 1077,3 

-- 283,15 

0 

x-- -. 

42 
-__ -- 
+0,10256 

-26,088 

--104,17 

-2,0935 

--111,51 

+297,79 

+283,3? 

-369,86 

+8,554 

+215,50 

-440,97 

-454,73 

+417,83 

+454,34 

-506,89 

+212,49 

--321,40 

1-22332,F 

+625,99 

-1340,6 

-603,04 

+971,7 

+5s.J,25 

--322,64 

+34,38 

+427,74 

/730 - 

14 



/731 - 

- 
a: 

-0,2436 

- 3,8156 

+ 110,96 

-1 4,9533 

-209,73 

-244,09 

-214,29 

+094,21 

-20,230 

-127,5 

+360,30 

$435,87 

-1557,S 

- 662,25 

+836,13 

--502,76 

+223,80 

--1349,6 

- G05,04 

+32850 

+S01,7b 

-3552,2 

-951 ,88 

+0369,2 

-81,341 

-325,723 

Table 4 (Continued) 

R-values (even) 

-3,8186 

-0,2436 

+110,96 

-209,73 

+4,9533 

--314,29 

--2#,99 

+994,21 

--127,5 

-20,239 

+.I33,87 

+360,39 

-662,25 

-1557,s 

+836,13 

+223,§0 

-502,75 

-ti05,04 

-1349,6 

+S01,75 

4-32850 

-951,ss 

-3352,2 

+3359,2 

-325,78 

+0,3828 

+1,2102 

-110,67 

-7,7838 

-20,910 

+255,76 

+264,73 

-548,SG 

+31,804 

--369,82 

--392,60 

-286,67 

-;779,28 

+2012,9 

-3248,3 

+790,U4 

--140,06 

+871,7 

+539,25 

--3652,2 

-951,SS 

-i-53232 

+103i,G 

-5620,T 

+-127,82 

+- 1,2102 

-20,910 

-7,7638 

+264,73 

~25-5,76 

--M8,56 

-559,82 

+3 1 ,804 

--R8G,67 

-398,60 

+2012,9 

+770,28 

-3248,3 

--149,90 

+7!No,0P 

+5s0,25 

+871,7 

--051,8S 

-3552,2 

+1231,ii 

153382 

-5520.7 

+240,16 

-0,622 

-0,522 

+llO.SO 

+10,614 

+10,614 

-262,77 

-262,77 

-c 57436 

-43,369 

-43,369 

+41S,12 

+418,l2 

--838,19 

-838,19 

fIl’i4,S 

-l077,3 

-1077,3 

-322,66 

-322,66 

+3359,2 

+3353,2 

-5P20,7 

-5520,7 

+8§032,1 

-175.31 

+- 64,266 

+199,61 

-152,03 

0 

0 

--353,15 

+34,38 

-329,78 

+127.53 

+340.16 

-174,31 

+4958G 

--152,03 

+185,64 

0 

-47,370 

-313,GS 

+ll2,0S 

-176,U 

-253,15 

0 

+427,74 

+34,38 

--325,78 

- 8i ,341 

-+240,16 . 
+if7,82 
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Table 5 

- r- - -  

13q = 55 -24 
p q  = 17 +2o,s 

p q  = 3 7  -24 
p q  = 73 -24 
T ? q = B ;  3-24 
p p  = 75 j-2.1 
p q  = 77 -24 
p p  = 19 -20,s 
p q  = DJ, -20,s 
p q = 3 9  j-24. 
p q  = 93 T24 
p q = 5 9  -24 
p q =  95 -24 
p q = 7 9  3-24 
p q = 9 7  1 1-24 

p q  =71 +20,6 

p q = O 9  -24 

-163.3 
4-79,O 
+-305,6 
+SO,37 
-1 S9,3 
-SD,3 
-430.5 
+71,9? 
-90.93 + 300 
+09,33 
+556,2 
-93,2 
-5737 
+S'i,OS 
+93,6 
--410,3 
-io@ 
-681,S 
+ I O 1  
+431:8 
--87,83 
-Si,ti 
-j-94,7 

_- 
12.1. 
-93,2 
-5737 
+394,s 
+91,0 
+1S62 
-632,7 
-3284 
+4353 
-2911 
+350,7 
+5313,7 
+322,3 
-11110 
-923,2 
+8500 
-163,E 
-6SS 9 

- .  

4-20,s I -24 
+79,0 +305,6 
---163,3 4-305.6 
+305,6 -1219,3 

:on t i n  
rrm = 15 

j-24 
--67,57 
-93,2 
3-394,s 
+IS62 
+91.0 
-3284 
-632.7 
+4:353 
+350,7 
-2911 
;322,3 
+5314,7 
--02&2 
-11110 
j-8500 
-6&S,9 
-163 8 

__I__- ____ 

led) 
1-- 

mn = 77 

-24 
+87,08 
+S7,08 
-430,6 
-50,7 
-50,7 
+63&,I 
+63S,I 
-1081 
4-3939 
-:3035 
-6C;BO 
-Gq560 
1-8500 
+s.ioo 
-18607 
+371,7 

-2 i 03 

-132 
+313 
4-91.0 + 1 862 
--50,7 
-l5G,7 
+879,3 
+I50 
-493,3 
-136 
-2329 

-§,o,, 

mn = 19 

-20,s 
t-02.G 
-410.3 
-27s,7 
--156,7 
-1-875,s 
-95,7 
-691,3 
+392 
q-205,7 
-134i 
-43.7 
+1104.7 
-Iti3,8 
-6SS,9 
+371,7 
-1300 + 1807,S 

+C77B 
-5793 
- -  5570 

=II=-==. - -20,s I 
\ --1S9,3 D 

1 4 1 7 , i  
-427,; 
--l!l2 
-t92S,3 
-1394.5 
-64fi.i 

+36,37 , 
+41,0 , 

+ 147,2 
+343 
-132 
4-1862 
+91,0 
-50,7 
+875,3 
- 150,7 
-403,3 
+159 
-2329 
-136 
+9,67 + 1125 
-m,s 

____. 

17Lfl = $1 

-20,s 
-410,3 
f92.6 
-278.7 
j-375,fr 
-1156,'i 
-601.3 
-95,s 
+392 
- i X 1  
+205,'i 
+I 1 t i 4 7  
-43.7 
-68S$ 
-1 l i3.X 

/732 - 
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Table 5 (Continued) 

-430,s 
-86,3 
+95:),3 
-192 
+928,3 
-220,3 
-2890 
4-2702 
3-435 
-4.30 
+79,3 
+I568 
-3254 
-632.7 
+63S,I 
-691,3 
-95,7 
+S2,7 
-1763 
4-3835 
,687 
-610,2 
-728 
j 7 1 S  1 

/ 733  - 

+7!,97 
+71,97 
+378,0 
--1391-,5 
-1394,6 
+2702 
4-2702 
-6440 
-173 
-170 
-475 
-475 
4-4353 
+4353 
--1os1 
4-392 
+392 
+371,3 
+371,3 
-4980 
-49s3 +- 1145 
+I145 
-1249,7 

, 

-4,30 
1435  

-632,7 
--3284 
+G38,1 
-95,7 

t -691.3 
-1763 1 -+62,7 ’ 1-667 1 +:3?;35 

\ --722 
1 ’  -610,2 

-;718 

Der iva t ions  d 

-_ ____ 
mn = 93 

+24 
-681,5 
- 104,Z 
+I282 
-493,3 
+159 
+82,7 
-1 
+3 
-I- 9 
--171,3 
-508 
+2167 
-90,7 

+ 545,3 
-1518,3 
+3187 
+965,7 

-714 

. Tab1 
m!% = 59 

-24 
+ 101 
+431,8 
-300,3 
-136 
-2329 
+6S7 
4-3835 
--4980 
;100,7 
-528,3 
-872 
-13C,3 
+5983 + 8-70,3 - I 347 
-49so 
+983.7 
+s;92,7 
-329.7 
-I G937 
-617,7 
+I4020 

--16f(i7 
+ 1260 

+2U,8 
-90.93 
~ 3 0 0  
+156,0 + 147,Z 
--64G,7 
-4,30 
+435 
-173 
-6OS,3 
+993,7 
+1886,7 
-713,3 
-2911 
+350,7 
i s 9 3 5  
+20.3,7 
-1341 
-171,3 
+094 
-pIIr3,7 
-528.3 
-29,3 
-4!)5S 
-42,o 

5 (c 
mn = 95 

-24 
+43:,fi 
+IO1 
-390.3 
-2329 
-136 
4-3835 
+GY7 
-4980 
--A28,3 
+100,7 
--13G,3 
4 7 2  
+S29.3 
+59s3 
-1347 
+0S5.7 
-4980 
-329,7 
3-8793,7 
-617.7 
-16937 
+lZSO + 14020 
--ICiz’(Z 

3.203 
+ 300 
-90,93 
+158,0 
-646,7 
+147,2 
+43.5 
-4,30 
-173 
+993,7 
-S08,3 
-713,3 
+1888,7 
+350,7 
-2011 
+3935 
-1341 
+205,7 
+994 
-171,3 
-525.3 
+100,7 
-4958 
-29,3 
-42,O 

+24 
-97,s3 
-61,O 
+130,3 
;1125 
+9.ti7 
-722 
-610.2 
+11-;3 
-29,3 
-495s 
fS61.5 
+ 7 7 a  
-1508 
-9S17 
+ 1 1 G G O  
+6773 
-579.3 
--10950 
-332 
+140’0 
+I260 
-27900 
- i !I4 (i,7 
+-l!t?li 

1) 
mn = 97 

+24 
-81,O 
-97.83 
+439.3 
+9,67 
4-112s 
-610.2 
-722 
+I145 
-4!15S 
-29,3 
+7762 
+S61,5 
-9617 
-1303 
+I1660 
-.>79,3 
+6775 
-332 
-10950 
+I260 
+I4020 
-1046,7 
-27900 
+IO211 

-__ 

+lSSR.7 
-7133 

-_ . - 
rnn = 99 

-24 
+ 94.7 
+94,7 
-455 
-60,3 
-80,3 
+718 
3-71s 
-1X9,7 
-42,O 
-42.0 
- SO3,3 
-SOq3,Y 
+I575 + 1575 
-2103 

____ ____ i 

7 
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Table 6 

." 

-values (eve 

0 
--31,tl 
+2.3,02 
-33.a 
-4.951 

0 
+50.29 
-0,663 
+253.16 
+l,SCjS 
+7,783 
-2,SG6 

0 
--109,53 
+0,286 
-72,47 
-0.677 
-10,612 + 1,063 
+3,363 
-1.45 

0 -+ 135,7 

-4,931 
+60,29 

0 
+253.15 
-0,663 
+7,763 +: ,5GS 
-2.466 
-109,53 

0 
-72,47 
+0,286 
-10,612 
-0,677 
+3,363 + x ,003 
-1,45 
t13S,7 

0 

Table 6 
-I___ ---_ 
ma -- 64 

+7,783 
+1,56S 
-+145,7 
+.127,3 
-27,lO 
-1486,7 
-306,17 

+259,8 
-726,7 
--24,7 
,P676,7 
-530,7 
--6131,3 
+5053,3 
-45.5,7 
-134,4 
+"I 
-2S6,3 
+410* 
+3313,3 
-5,037 
-1@20,7 

+GG-k 

-__ 

,22.57,3 

+I OM,7 

+2b4,7 

mn = GG 
-___ 
-2,46G 
-2,466 
-160.17 
4-42,58 
+4;3,58 
+232,7 
+232,7 
--6ss,3 
4- 114O,3 
+ I  140,3 
-3527,3 
-3527,3 
+5083,3 
4-5053.3 

+305,3 
;305,3 
+s3,0 
+s9,0 
--s7i,7 
--67 I ,7 
4-7427 
+7&7 
- 1.553 
--469,3 
-480,Z 

-11513 

t t i 1 , O  

+2G0,7 
+260,? 
- i44,3 
-IlS,l  
--IlS,l 
-305 
-305 
+14S,7 
4- 1G,7 
-160,17 
+l76,08 
+l76,OS 
+345,07 
+345,07 
--I433 
- 145,53 
{- 162 
+I62 
-36.5,: 
-234,4 
--234,4 

0 
--5:,11 
+6J ,O 

0 + 120,9 + 114,02 
-144,57 
-271,o 

0 
-190,o + 11,457 
+227,i8 
-27.10 
+427,3 
+42,58 

0 
4-239,1 
-5,817 
--309,93 
+13,757 
-582,7 
-2!,6 
-58,07 

0 
-328,03 

+29,5 

(Continued) 

mn = os 
0 

--200,.33 
+176,08 

0 
+260,1 
-122,62 
--416,77 
+ B O  

0 
-407,3 
+s21,7 
+634,7 
- 1 94,4 
--455,7 
+305,3 

0 
+5*5cI 
4-500,3 
-603 
--13!J7 
+-621,7 + 2 1 Df,7 
-416,7 
-29133 

0 
-703,3 

inn = 80 

-109,53 
0 

+176,0S 
+269,1 

0 
-416,77 
-122,62 
+290 
-4O7,3 

0 
4-654,7 
+s21,1 
-455,7 
--194,4 
+303,3 
3-558 

0 
-so3 
+5130,3 
+621,7 
-1397 
-4lG,7 
+9 1M,7 
-2933 
-703.3 

0 

+237,1S + 1 X ,457 
+427,3 
-27,lO 
+42,58 
-i-259,1 

0 
-303,93 
-5,817 
-5S2,7 
+13,757 
-58,07 
-21,ci 
+29,5 
-323,03 

0 

w r t  -7 28 

+0,286 
--72,47 
+345,07 
-5,817 
-3139,93 
-59s 
+334,7 + i9,3 
+23,77 
+53S,7 
+738.7 
-793,7 
-2S6,3 
+2Ol 
+YO,O 
+590,3 
--so3 
-3327 
+12ti:? 
+4 807 
-6 
-6 
+-126.7 
i-$037 

-- 

======= 
??At% = 24 

-l002,3 
+l6,3 +: Itit,'; 
+69,b7 
+273,1T 
4-537 
-17'?,3 
-305,L7 
-148C,T 
+232.7 
-i%2.62 
-416,77 
-53s 
j 3 3 4 . 7  
+:305,3 
+lb01 
-344 
-260,s 
+334 
+i78,5 
4454,3 

-- 
-72,lt'i 
+ 0,286 
+343,07 
-301:,!,3 
-5,017 1 

4-334,7 
-5m 
+19.3 
i69S.7 
+23,77 
-793,7 
+795,7 , 
1 2 9 1  1 
-2Sti,3 I 
+m,u ' 

+4807 I +- 126.7 
--643i,7 
+SO37 i 
+llSU , 
3-95.3 j 

18 



Table 6 (Continued) 

a ' -values (even) 

/735 

f279,17 
+69,87 
-172,3 
4-537 
-1486,7 
-306,17 
f292,7 
-416,77 
-122,62 

* +334,7 
i -598 
I t1801 

I f334 
f +554,3 
\ fl78,5 

-4,951 
-M,3 
-271,9 

7 
7 

-3142 
-165,3 
-165,3 
-146,7 
-146,7 
+2257,3 
+2257,3 
-688,3 
+290 
+290 
+19,3 
+193 
-2621 
-2621 
+726,3 
+726,3 
-794,3 
-422,17 
-422,17 

0 
+80,29 
-118,l 
: o  
-100,o 
+69,87 
+279,17 
-165,3 

0 
+298,53 
+306,7 
-439 
-725,7 
+259,8 
+1140,3 

0 
-4437.3 
+23,77 
+598,7 
-56p2 
-354,3 
+8%3 
-1555,5 
- 120,47 

0 
318,113 

- 
mn = 60 

+mss 
0 

-118,l - l90,O 
0 

+279,17 
+60,87 - 165,3 
+298,53 

0 
-439 
+306,7 
+259,8 
--125,7 
+1140,3 
-407,3 

0 
+598,7 
+23,77 
-354,3 
-56,2 
-1555,5 
+88,3 - 120,47 
+315,83 

0 

- - mn = 20 
-4 

-0,603 

-305 
+253,15 

+ 1 1,457 
+221,18 + 537 
-172,3 
-146,7 
+306,7 
-439 
-2081.7 
+478 
+2676,7 
-24,7 
-3527,3 
+821,1 
+654,7 
+798,7 
-793,l 
-445,7 
+209,17 
+406,7 
+4362 
-349 
-871,3 
-131,0 

'I'able 6 (Continued) 

- 
mn = 68 

+ 1,063 
+3,363 
+162 
-21,6 
-58.07 
-344 
-266,3 
+726,3 
+88,3 
-1555,5 
+406,7 
+4362 
- 1029,l 
-5997 
+7427 
+2191,7 

.i_ 

-416,7 
- 6431 ,I + 126,7 
+9023 
+748,3 
-18247 - 
-1393 
f131.50 
+355,3 
+667,3 

mra = 86 

43,563 + 1,063 
4 162 
-58,Ol 
-21,6 
-266,3 
-344 
+726,3 - 1555,5 
+88,3 
+4362 
+406,7 
-5997 
-1029,7 
+I427 
-416,7 
+2194,7 
+126,7 
-6431,7 
+748,3 
+go23 

+13150 
+667,3 
+355,3 

-1393 
- 18247 

mn = 88 

- 1,45 
- 1,45 
-165,7 
+29,5 
+29,5 
+334 
+334 
-7943 
-120,47 
-120,47 
-349 
-349 + 1064,7 + 1064,7 
-1553 
-2993 
-2993 
+SO37 
+8037 
-10735 
-10735 
+13150 
+13150 
-26360 
-484 
-484 

-0,663 
-306 
+227,18 + 11,457 
-172,3 
+537 
-146,7 
-439 
+306,7 
+478 
-2081,7 
-24,7 
+2676,7 
-3527,3 
+654,7 
+821,7 
-793,7 
+798,7 
+209,17 
-445.7 
+4362 
+406,7 
-349 
-131,6 
-871,3 

nn = 0,lO 

0 
+138,7 
-234,4 

0 
-328,03 
+178,5 
+554,3 
-422,17 

0 
+315,83 
-871,3 
-131,6 
+284,7 
+664 
-489,3 

0 
-703,3 
+95,3 
+1188 
-225,97 
-905 
+355,3 
+667,3 
-481 

0 
+890,7 

_. 
mn=& 

-6131,3 
-530,7 
+5O83,3. 

-1029,7 
-5997 + 1064,7 

+664 
+284,7 

nm = 10,o 

+138,7 
0 

-234.4 
-328,03 

0 
+554,3 
+178,5 

0 
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T a b l e  6 a  
I 

Frequency parameter 

hca lcu la t ed  wi th  15 terms 10,703 10,445 9,OG 

p & 0,343 p = 0,360 p = 0,530 .I 
w,73 10D47 - XCalculated wi th  6 terms 

Standard funct ion:  

fB = V l  i 'A13.  (GI i pl3 V l )  A ,  'U3 * 2'3 i A,, (241 zi; $. a b  2'~) 
i d 35 (Ual*b 4 U,V3) AJSt+,VD 4- . . . . . .  

Coef f i c i en t s  of t h e  progress ive  development 
-- . , , . ,  - -  - 

]p=O,2251 p=0,343 11 = 0,360 p = 0,360 - I 1 $0,0315 $0,0306 
-0,00514 -0,00537 
-0,0024G -0,002285 
+0,001235 +O,OO127G 
-0,000366 -0,000370 
+0,000353 +O,OoG33S 

+o ,m149  +o,ooolao 
-0,000440 -0,000456 

-0,0000701 -0,OOOOiO 
-0.0300638 -0,0000413 
+0,000201 +0,0002086 
-0,0000527 -0,oooO533 
+GYOU0G3S2 $O,O0003S05 
-0,0000230 8 -O,OOG0228 

- --....-- - 
Frequency parameter 
ACalculated with 4 terms 
XCalculated with 11 terms 23,116 22,G69 

Standard funct ion:  
. w (%J - W2 VO) + do4 ($do v4 - u4 vo) + A,, ( i f 2  v, - n, v2) + Ao4'(uovo - uovo) + A ,  (ugvij - pr, v2) + - . . . 

* -  1 

C o e f f i c i e n t s  of t h e  progressive development 

-0,0202 -0,02142 

-i- 0,005440 
$.o,w2i)7 
;0,00000s - 
-o,oozo42 - 
-O,GOO%O - 
-0,0000613 - 
-j-o,oooooso - 
+o,oo~oos I c- 

-0,OOG 103 -0,OOGi5 

- +0,00315 I -0,02146 
-O,Cx)G42 

+O,OOOlOOG - 0,0021 5 

-0,00006~1 
+O,OOOOOS3 

-f- 0,00355 + O,G0?17 

-0,0009i5 

+O,OC11OG 

I 
I -- 
-0,0~3312 
-0,WdO'iO 
+-0,00~927 j 
$0,00235 
+0,000105 
-0, 
-0, 
-0. S 
4-0. 7 
i-0. 

/736 
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Table 6 a  (Continued) 
I11 

/737 

Frequency parameter 
ACalculated with 6 terms 
X a l c u l a t e d  .with 15 terms 

Standard funct ion:  

co I 
-0,0149 ' -0,Ms4 
+0,0202 ;0,02113 
-j-0,00363 ;0,00-109 
+0,00252 +0,00302 
-0,00505 -0,00529 
-0,00194 - 
-0,0008221 - 
+0,000957/ - 
-0,000976 - 
+o,0002m~ - 
+0,000355 - 
-0,000136! - 
+0,0000691 - 

+0,00190 1 - 

IV 

-- - __.__-____ 

-0,0485 -0,0563 
+0,0213 j0,02324 
+0,00385 +0,00426 
+0,00271 f0,003OB 

-0,00206 -0,00229 
+0,00209 +O,C@2SS 
-0,000854 -0,000034 
;0,00105 +O,OollG8 
-0,00103 -0,001121 
+0,000316 +0,000353 
+0,000352 +0,0004303 
-0,0001461 -0,000163 . 
+O,ooOo73j +0,000081 

-0,00331 -0,00860 

- 

Frequency parameter P 
Calculated with 6 terms 
Calculated with 1 5  terms - 245,61 241,76 235,08 

Standard funct ion:  

ressive devc Lopment 

-0,0310 . 
+0.06350 
-0,GOMl 
+O,OOGlO 
-0,00830 
-j- O,Oi)35?.L 
-0,00156 . 
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Table 6a (Continued) 
v 

Frequency parameter 
XCalculated wi th  3 terms J 

i xCalculated wi th  1 0  terms 
I 

S tandard func t ion:  

i (" 
I 

C o e f f i c i e n t s  of t h e  p rogres s ive  development 

__ . . . - - 

-0,01634 
--0,00623 
+O,FO'iOD 
io,oo'L7a 
-j-0,0003 16 
-0.003G7 
-0,002934 
--(i,W0436 
+0,iru00411 

VI 

Frequency parameter 6 p=0,343 p=0,360 p=0,390 
ACalculated wi th  6 terms 377,62 377,lG - 

374,23 373,M 372,12 ACalculated wi th  15 terms 

Standard func t ion:  
us 213) + -43,.f43*2.3 
A,, *(a3 2% + 24, 2.3) + * * 

C o e f f i c i e n t s  of  t p rogres s ive  development 
. ___ - - 
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Table 7. T a b l e  of t h e  A-functions and t h e i r  de r iva t ions  calcu- 
l a t e d  numerically wi th  6 terms of t h e  progress ive  development. 

_ _  

Table of t h e  func t ion  and i t s  d e r i v a t i o n  calcu- 
l a t e d  ntunerically wi th  15  terms of t h e  progress ive  development. 

- 
- -  15.27 
- 26,57 
-L  14,63 
-223,:3 
- 276 
- 47,33 

Since t h e  graphic  r ep resen ta t ion  of  t h e  X(p)-functions i s  
an almost s t r a i g h t  l i n e  one may without  g r e a t  error consider  
t h e  s lope  E of t h e  curves between t w o  ad jacen t  p-va lues  as con- 
s t a n t  and by combination of t w o  s u i t a b l e  tones determine a 

f o r  which t h e  X-curves have been c a l c u l a t e d ,  an a d d i t i o n a l  cor- 
r e c t i o n  f o r  pmay  be appl ied  by equa l i za t ion  according t o  t h e  
method of least  squares .  

&-value /-t=po + d’p by l i n e a r  i n t e r p o l a t i o n .  From a l l  6 tones 

The accuracy of t h e  determinat ion of the c o e f f i c i e n t  of 
e l a s t i c i t y ,  however, i s  very l o w .  The in f luence  of t h e  number 
t o  be determined i s  so s m a l l  t h a t  it has only a bear ing  i n  t h e  
l a s t  d i g i t s ;  t hese ,  however, cannot be determined accu ra t e ly  
enough due t o  t h e  i n s u f f i c i e n t  convergence of t h e  .progressive 
development, so t h a t  f o r  t h e  c a l c u l a t i o n  of t h e  c o e f f i c i e n t  of 
e l a s t i c i t y  only an accuracy of  approximately 1 0 %  can be obtained. 

/739 - 
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3 .  Experiments /740 

The experiments were conducted with two square-shaped 
metal plates which are described more closely in the following: 

1. Aluminum Plate 

Length of the square edge . . . .  1 = 198.4 mm (+ 0.03 mm) 
Thickness of the plate. . . . . .  2D = 1.97 mm (T - 0.01 mm) 
Density . . . . . . . . . . . . .  @ = 2.71 

2. Brass Plate 

Length of square edge . . . . . .  1 = 240.0 mm (+ 0.05 mm) 
Thickness of plate. . . . . . . .  2D = 3.89 mm ('i - 0.045 mm) 
Density. . . . . . . . . .  : . .  @ = 8.48 

Standard function: 

24 



/ 741  - n Experiments w e r e  a l ready  conducted i n  1 9 2 4  a t  a t 
t he  procurement of new experimental  equipment w a s  asso  
with great d i f f i c u l t i e s .  

I n  o rde r  t o  produce acous t i c  f i g u r e s ,  t h e  p l a t e s  w e r e  
p laced on con ica l  corks  a t  t h e  p o i n t  of nodal l i n e s ,  being 

touched t h e  edge a t  t h e  i n t e r s e c t i o n s  wi th  nodal l i n e s .  The 
p l a t e s  w e r e  s t roked  wi th  t h e  cel lo  bow. The sand f i g u r e s  

P prevented f r o m  la teral  displacement by con ica l  corks which 

1 i 
Figure’ A. Aluminurti Plate 

Standard funct ion:  - - - _____I. ----- 

f Ua Po - 0,0488 U, * ~2 + 0,0213 ( ~ 0  U, + ~4 PJ 
4- 0,0039 (up v, + u4 ut) + 0,00271 u, w, - 0,00531 (zco v, + etavo) 

+ 0,00209 (u,, w8 f us v0) 

+ 0,000 316 u6 W, f 0$0038 (u4 v, + u, I?() 
4- 0,00105 fZ4* Q8 + 2tg 8,) 

o b t a i n e d l e F e  t r a n s f e r r e d  
copied o n t o - t r a n s p a r e n t  paper with t h e  he lp  of carbon paper. 
The paper w a s  then placed upon t h e  t h e o r e t i c a l l y  ca l cu la t ed  
curves of  nodal l i n e s  f o r  t h e  purpose of comparison ( c f .  t h e  BI 

earlier Figs .  A and B) . 

ubberized black-  glossy- paper and 

The f requencies  of o s c i l l a t i o n ,  f o r  t h e  b e t t e r  p a r t ,  w e r e  
determined with t h e  h e l p  of a monochord and taken as mean value 
over several observa t ions  (accuracy 1%). 

- / 742  
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For t h e  determinat ion of t h e  c o e f f i c i e n t  of e l a s t i c i t y p ,  
t h e  accuracy of t h e  frequencies  of o s c i l l a t i o n  determined wi th  
t h e  monochord w a s  no t  s u f f i c i e n t .  The 6 tones  requi red  for  
t h e  c a l c u l a t i o n  of  each p l a t e  (No.  I - V I  of t h e  t a b l e s  on 
p. 743 which are i d e n t i f i e d  i n  744 and 

acy of approx- 
.y b e a t  methodl. - ,̂ -.. 

Figure B. B r a s s  P l a t e  

The p i t c h e s  of tone  so determined and t h e  d a t a  requi red  f o r  t h e  
i n t e r p o l a t o r y  determinat ion of  yl are compiled i n  t h e  following 
t a b l e .  

- /743 

r 
k ind enough t o  make a v a i l a b l e  h i s  sonometer f o r  t h e  determination 

. of t h e  f requencies  of  o s c i l l a t i o n .  

6 



T a b l e  8 

F i g u r e  B. Aluminum P l a t e  

27 



/744 
Table 9. The frequency parameter 1 and t h e  frequencies  of 

- 

U" v3 - u, V" 

-- 
.I 

I ,  

2, (y,= 0,3 
I 

--.-I _I-_--. 

10,360 

22,630 

38,053 

71,6G> 

237,7 

240,66 

285,96 

373,3 

860,5' 

957,7 - 
1092 
1418,7 

1572 
1897 
2490 
2691 
29-14 
2076 

I__- 

--____-- - __._I_- 
9,087 

21,872 

38,447 

60,806 . 

237,7 

235,08 

279,OG 

372,12 

. r  

800,46 
9G0,76 

10S4,6 
1368 

1540 
1872 
2-196 
2370 
2944 
203.5 
3705 
4967 
6156 

...._-I-. --- _. 

0,682 

21,341 

38,738 

6% 

237,72 

230,61 

273,54 

864,Ol 
963,2 

1079 
1364 

1520 
1852 

2498 ' 

2563 
29-14 
2886 
' 36-76 
4!)0.1: . 
8102 

--_I -- 

' T%,G - 
307,6 , - 
&%,!I . - 

' 7GS,5 

' .778,,a 

843,9. 

- 
- 

13.1 0 
1470 
1543 
1617 

1976 
2171 
2490 
2537 
2706 
2719 
30 I9 
354 1 
3GO3 

1573 
16G4 

1979 -. 
2181 
2532 
2560 
2740 
2722 

a20 , - 

1260 * /745 
1423 - 
1400 
1600 
18'70 

1936 

- 

2050 * 

2370 
2500 
2310 
2670 

1 
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Table 9 (Continued) 

Exact agreement must only be expected f o r  t h e  frequencies  of 
o s c i l l a t i o n  i n  heavy p r i n t ,  f o r  which t h e  progress ive  develop- 
ment  w a s  c a r r i e d  o u t  with 10-16 terms. 
imated with t h e  main term, t h a t  i s  t h e  frequencies  of oscil la- 
t i o n  observed are too  high as opposed t o  those observed. 

Others are only approx- 

Table 1 0 .  Frequency parameters and frequencies  of o s c i l l a t i o n  /746  - -  
of t h e  b r a s s  p l a t e .  

-__I_ - - - . 

1 ( p  = 0,401) 

- -_ - 
9,773 

21,50 

38,06 

68,77 

237,lX 
232 

275,2 

371,46 

699,l 
$ G I $  
%2,4 

1061 
1371 

9,753 

21,473 

38,GGG 

68,693 

237,12 
231 , I3  

274,O 

371,41 

GR8,5 
8G4,6 
9G2,66 

1030 
1370 

1531 
1357 

-I- __ -- 

! (111 -i 0,420) 

___ _____ - 

9,52G 

21,075 

38,831 

67,.579 

237,72 
228,4 

270,8 

370,7 

680,5 
662,s 
9F4,4 

1076 
1352 

1516 
1843 
2406,5 

obs. 

717 - 

29 



4.  Resul t s  /747 - 
The tables on pp. 744-746 conta in  t h e  frequencies  of 

o s c i l l a t i o n  c a l c u l a t e d  with d i f f e r e n t / - v a l u e s  by comparison 
with t h e  observed ones. The determinat ion of  t h e  c o e f f i c i e n t  
of e l a s t i c i t y  p from f requencies  of o s c i l l a t i o n  i s  only pos- 

(p. 739) t h a t  i n  p a r t i c u l a r  for  t h e  h igher  tones  t h e  conver- 
gence of t h e  progressive'development i s  no t  s u f f i c i e n t  i n  
order  t o  determine t h e  t h i r d  d i g i t  a f t e r  t h e  decimal p o i n t  of 
t h e  h-values wi th  accuracy; t h i s ,  n a t u r a l l y ,  made'the e f f e c t  of  
f i  on t h e  corresponding A-value an i l l u s i o n .  The h igher  t h e  
tone t h e  poorer t h e  convergence of t h e  series. Therefore,  t h e  
p -va lues  c a l c u l a t e d  from t h e  r a t i o  of t w o  f requencies  of 
o s c i l l a t i o n  d i f f e r  considerably.  Since it is  impossible t o  ' 

recognize which tones are b e s t  s u i t e d  fo r  t h e  determinat ion of  
p, a r -va lue  w a s  determined f r o m  a l l  6 tones  (I - V I )  by 
equa l i za t ion  according t o  t h e  method of t h e  least  squares .  
The r e s u l t  w a s  ,U= 0.365; E = 7147 kg/mm2 f o r  t h e  aluminum 
p l a t e  and / cL=  0 . 4 0 4 ;  E = 7212  kg/mm2 f o r  t h e  brass p l a t e .  The 
c a l c u l a t i o n  of t h e  frequencies  of o s c i l l a t i o n  showed f o r  t h e  
tone  I11 a d i s t i n c t  sys temat ic  dev ia t ion  f o r  t h e  t w o  p l a t e s .  
Exclusion of I11 r e s u l t s  f o r  t h e  va lue  p. = 0.365 i n  a minimum 
of t h e  relative square of error for  t h e  aluminum p l a t e ,  
p = 0 .404  f o r  t h e  b r a s s  p l a t e .  For h i g h e r p - v a l u e s  t h e  devi- 

a t i o n  of t h e  tone I11 (as evident  from t h e  tables) w i l l  become 
conskderably smaller, however, g r e a t e r  d i f f e r e n c e s  are encoun- 
t e r e d  w i t h  V I .  I n  add i t ion  t o  tone I - V I ,  c a l c u l a t i o n  of  
A-values w a s  a l s o  c a r r i e d  o u t  f o r  t h e  tones  ( 4 )  and (13) wi th  
t h e  g r e a t e r  accuracy, with 1 6  terms (13) w i t h  1 0  terms i n  a 
progress ive  development; ( 4 )  gave s a t i s f a c t o r y  agreement, (13) 
showed a l ready  g r e a t e r  dev ia t ion  s i n c e  here  t h e  convergence of 
t h e  serial development becomes inc reas ing ly  poorer.  For even 
higher  tones t h e  convergence is' poorer so t h a t  a s a t i s f a c t o r y  
accuracy of t h e  c a l c u l a t i o n  i s  p r a c t i c a l l y  no longer  poss ib le .  

4- s i b l e  wi th in  very wide l i m i t a t i o n s .  It is  obvious f r o m  Table 7 

e 

- _  ___l_ll."p---- -- 
~~ -I_ 

The c a l c u l a t i o n  of t h e  nodal l i n e  w a s  c a r r i e d  o u t  i n  2 
s. I n  one case - s tandard  func t ion  u3v3 + ... (13 on 

good agreement of t h e  
ines .  I n  t h e  second case - . . . (111 of t a b l e  1 0 )  - t h e  
um p l a t e  an unusual asym- 

t h e  p o i n t  of s t r o k e  and 
t i v e l y  h igher  load of t h e  
I n  t h e  case of t h e  brass 

p l a t e  t h e  d i s t o r t i o n  i s  ba re ly  not iceable .  

/749 
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T a b l e  11 /748 - 

T a b l e  11 (Continued) 

I 

Table 11 (Continued) 

Table 11 (Continued) 

- Table 11 (Continued) 
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The u-functions used f o r  t h e  c a l c u l a t i o n  of t h e  nodal l i n e s  
are given i n  Table 11. The ser ia l  development f o r  w i s  given 
under t h e  measured f i g u r e s .  The zero- locat ions of w have been 
determined wi th  t h e  h e l p  of T a b l e  11 by a t r i a l  and error ap- 
proach and subsequent t o  s u f f i c i e n t  l i m i t a t i o n  by i n t e r p o l a t i o n .  
The p o i n t s  thus  c a l c u l a t e d  are i d e n t i f i e d  by s m a l l  circles. 
The do t t ed  l i n e s  are exac t  copies  of t h e  impressions on t h e  
t r anspa ren t  paper of t h e  copied sound p a t t e r n .  

8, I f  one p l aces  t h e  o r i g i n  of t h e  coord ina tes  i n t o  t h e  cen te r  
of t h e  p l a t e  and s p e c i f i e s  t h a t  one h a l f  of  t h e  length  of  t h e  
square edge i s  1, one then ob ta ins  t h e  fo l lowing  p a i r s  of  values:  

Fig. A 
X Y 

0 - 2  0,804 
0.4 0.675 
0.6 0.49 
0.8 0.209 

Fig. B 
X Y 

0 .3  0.700 
0.4 0.714 
0.5 0.721 
0.6 0.7425 
0.65 0.769 
0.67 0.798 

I n  t h e  case of Fig.  B t h e  axes of  coord ina tes  are nodal l i n e s  
i n  themselves. 

The agreement of t h e  shape of  t h e  curve wi th  t h e  theory 
may be assumed t o  be s a t i s f a c t o r y  with t h e  except ion of t h e  

1. d i s t o r t i o n  mentioned above, 
2. t h e  hyperbol ic  dev ia t ions  i n  p o i n t s  where according 

t o  t h e  theory t w o  nodal l i n e s  are i n t e r s e c t i n g .  

R i t z  at tempted t o  expla in  t h e  hyperbol ic  dev ia t ion  i n  t h e  
following way: " I n  o rde r  t o  overcome f r i c t i o n  t h e  amplitude of 
o s c i l l a t i o n  has  t o  exceed a c e r t a i n  minimum, t h a t  i s ,  t h e  sand 
remains i n  a state of i n d i f f e r e n t  equi l ibr ium wi th in  an arsa 
l imi t ed  by hyperbolas", [18e] .- The observa t ion  shows t h a t  the 
formation of hyperbolas occurs always i n  c e r t a i n  quadrants ,  t h e  
p o s i t i o n  of which - with  regard t o  t h e  p o i n t  of s t r o k e  - i s  
always t h e  same, t h a t  i s ,  it changes wi th  t h e  la t ter .  

I a m  g r a t e f u l  t o  Prof.  Kaufmann, Ktinigsberg i n  P russ i a ,  /750 
who suggested t h i s  s tudy and t o  Prof.  KalZhne, Danzig, who 
k indly  permit ted t h e  use of h i s  tonometer. 
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